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ARTICLE INFO ABSTRACT

Keywords: Geometrically complex masonry structures (e.g., arches, domes, vaults) are traditionally built with scaffolding or
R°b?t ) falsework to provide stability during construction. The process of building such structures can potentially be
Fabrication improved through the use of multiple robots working together in a cooperative assembly framework. Here a
robot is envisioned as both a placement and external support agent during fabrication — the unfinished structure
is supported in such a way that scaffolding is not required. The goal of this paper is to present and validate the
efficacy of three cooperative fabrication approaches using two or three robots, for the scaffold-free construction
of a stable masonry arch from which a medium-span vault is built. A simplified numerical method to represent a
masonry structure is first presented and validated to analyze systems composed of discrete volumetric elements.
This method is then used to evaluate the effect of the three cooperative robotic fabrication strategies on the
stability performance of the central arch. The sequential method and cantilever method, which utilize two robotic
arms, are shown to be viable methods, but have challenges related to scalability and robustness. By adding a
third robotic agent, it becomes possible to determine a structurally optimal fabrication sequence through a multi-
objective optimization process. The optimized three robot method is shown to significantly improve the structural
behavior over all fabrication steps. The modeling approaches presented in this paper are broadly formulated and
widely applicable for the analysis of cooperative robotic fabrication sequences for the construction of masonry
structures across scales.
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1. Introduction

A self-supporting construction process is one where no external
support (e.g., temporary scaffolding or formwork) is required for the
structure to remain stable as it is being built. Note that the terms self-
supporting [1] or self-balancing [2] are used interchangeably in the
literature — self-supporting is used herein to describe this structural
behavior. Such methods have been used throughout history to build
large-scale complex masonry structures, relying on both the brick
tessellation pattern and a careful design of the overall form to guarantee
stability at all phases [3-9]. Although the contemporary building in-
dustry has generally moved away from many of these traditional
methods, recently there has been a resurgence of interest on the inves-
tigation of self-supporting construction methods [1,2,10-14]. The
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emergence of automation, pre-fabrication, computational design, and
robotic construction has created an opportunity to re-imagine how self-
supporting construction techniques can find new relevance today [15].

In striving to develop self-supporting construction methods for ma-
sonry construction, a robot becomes more than just a fabrication tool,
but is central to shaping what type of structure is feasible to build —
informing the fabrication process through a Robot Oriented Design
(ROD) framework [16]. Due to their task-versatility [17] and spatial
precision [18], standardized industrial robotic arms have seen
continuing widespread growth in industry adoption over the last decade
[19]. Their application is improved by virtue of being able to perform a
wide range of functions when paired with customized end-effectors
designed for versatility [20]. During fabrication, in a cooperative as-
sembly context (i.e., multiple robots working together), robots with a
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gripping functionality can take turns performing either the function of
picking up and aggregating structural components, or holding and
providing temporary support over indefinite periods of time to a
partially completed structure [21-23]. Therefore, when properly
sequenced, a cooperative fabrication method has the potential to ach-
ieve complex structural goals — such as building a discrete element
structure without temporary scaffolding while maintaining appropriate
structural behavior.

Developing such fabrication-informed construction sequences pre-
sents a departure from a traditional structural engineering workflow,
which places emphasis on the design of the finished structure [24].
While this final state is conceivably optimized for a certain structural
behaviour or load combination, the construction sequencing and inter-
mediate form required to reach this finished state is seldom optimized.
But designing and optimizing a fabrication strategy around the goal of
self-support is computationally intensive as all intermediate steps in the
construction process need to be evaluated for structural performance —
for the construction of a masonry system this can mean potentially
evaluating the placement of 100’s of bricks. Thus the goal of this paper is
twofold: (1) to develop, validate, and apply a computationally efficient
framework for a high-level structural analysis of discrete element as-
semblies, (2) to apply the framework to validate the viability of three
different cooperative robotic approaches used for to the scaffold-free
construction of the central arch, which is part of a complex curved
masonry vault.

1.1. Summary of contents

The paper starts in Section 2 with a brief review of literature on the
topic of automation in masonry construction, cooperative robotic
fabrication for discrete element structures, and modeling approaches for
such structures. Section 3 provides a description of the masonry vault
prototype referred to in this study, and the development and calibration
of a simplified modeling approach used to represent it. In Sections 4 and
5, three cooperative robotic methods are analyzed in the context of the
scaffold-free construction: sequential method, cantilever method, and the
optimized three robot method. The paper concludes in Section 6 with a
discussion of the results from applying these methods and a summary of
the main contributions from this study.

2. Review of robotic fabrication and masonry structures

In the context of the Architecture, Engineering and Construction
(AEC) field, robotic manufacturing was first applied at a significant scale
to the prefabrication of modular homes in Japan in the 1970s [25,26]
and proliferated in numerous specialized applications in that country
over the next decade [27-30]. The industry has experienced increasing
adoption through technological improvements to automation and as a
robot’s ability to work in unstructured site environments has improved
[31,32]. Continuing future growth in adoption is motivated by
numerous advantages to the construction industry: substantially
improving productivity for complex structures [33], improving worker
safety [34], and reducing material and labour costs [35,36].

2.1. On-site automated bricklaying in industry

While construction robotics has seen a growth in application for off-
site prefabrication [37], adoption has lagged for certain complex
structural forms or material systems that are typically assembled on-site
(e.g., stone/brick masonry [38-41] or cast-in-place concrete shells
[42,43]). Although Single Task Construction Robots (STCRs) [44] can be
developed for specialized on-site applications, these are generally less
common and harder to implement as they are motivated by project-
specific economic factors [31].

Discrete element assemblies, such as masonry structures, are
favourable candidates for robotic automation as they are physically
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taxing to construct manually [45,46]. The construction of masonry
structures is also highly repetitive and individual units are relatively
lightweight, which makes such structures fit for development around an
automated framework [47]. While robotic prefabrication of masonry in
the factory setting is possible, the output is geometrically limited to
highly standardized vertical block walls due to fixed space and equip-
ment design constraints [37]. Thus, automation in masonry construction
is generally better suited to in-situ fabrication approaches as a means to
better address site variability or construct more complex geometry. The
technical exploration of automated in-situ masonry construction dates
back to the beginning of the 20th century, with a patent for an auto-
mated brick-laying machine submitted in 1904 [48]. A functioning
automated linear bricklaying machine prototype was documented on-
site in the 1960s [49]. But it was first in the late 1980s that de-
velopments in the automation of in-situ masonry construction started to
flourish [50-52], from balancer and handling assistance machines [37],
to Selective Compliance Articulated Robot Arm (SCARA) systems such
as the Solid Material Assembly System (SMAS) [53,54], the Robotic
Construction System for Computer Aided Construction (ROCCO)
[16,55], and the Blockbot [56,57]. Recent years have seen further
commercial developments in the form of the Semi-Automated Mason
(SAM100) [58] and Hadrian X robot [59], which can be thought of as
technical successors to the previously developed articulated robotic arm
systems [60,61]. SAM100 consists of a robotic arm mounted on a track,
while Hadrian X uses a custom gripper mounted on a mobile truck crane
for improved reachability [47,62].

2.2. Digital fabrication and geometric complexity

The automated brick-laying systems summarized in Section 2.1 were
focused on industry applications for the construction of straight walls
and generally improving construction productivity. But only in the last
two decades has the field of digital fabrication (dfab) been seriously
applied in an academic context to construction at the large-scale with
the specific intention of expanding the geometric design space through
the use of robots [63,64]. The first such project saw stationary industrial
robots used to stack bricks to build prefabricated load-bearing but non-
standardised undulating walls [65-67]. Later the DFAB house [68]
became the showcase for how different non-standardized components in
a building can be shaped through digital design and robotic fabrication
process [69-71]. In the context of masonry construction, the develop-
ment of specialized digital design software [72,73] and augmented re-
ality frameworks [74-76] have allowed for more geometrically complex
geometries to be materialized on site. Industrial robotic arms have also
been been applied in complex setups, for example on gantry cranes [77]
and as mobile platforms [78,79].

2.3. Cooperative robotics and discrete element structures

Despite the technical advances associated with the dfab movement,
robotic fabrication is still rarely utilized beyond the construction of
vertical layer-based structures [80,81]. Structural stability and the
detrimental effect of tensile forces in cantilevered or spanning forms are
reasons why masonry robotic brick fabrication projects have been
limited to vertical assemblies. Similar challenges are faced in additive
concrete manufacturing, which draws inspiration from self-supporting
masonry approaches as a means to develop more robust methods for
3D printing overhanging geometry [82-84].

Recent work has suggested that cooperative fabrication can be a
means to address issues surrounding stability during construction and to
therefore realize complex structural forms that would not be possible
otherwise. An example of this is the assembly of metal rods into complex
(i.e. non-uniform) space frame structures [23,85] where complex joints
between rods had to be carefully sequenced using two robots. Or in the
fabrication of custom non-planar timber modules where cooperating
robots were used to minimize the need for scaffolding [86]. Another
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example is the construction of a small-scale branching structure, where
two robots would take turns supporting the structure as it was being
assembled [87]. While operating at different scales, these projects all
explore the potential of creating a construction sequence where two
robots work together cooperatively to assemble a geometrically complex
discrete element structure.

2.4. Analysis and modeling of masonry structures

A number of modeling strategies exist to analyze the structural
behavior of three-dimensional masonry structures. As recently surveyed
in [88-90], finite element (FE), discrete element (DE), and geometric
approaches are all feasible. In a FE setting, a continuum mesh of shell
elements are calibrated to approximate the macro-behaviour of a ma-
sonry structure [88,91]. The interaction between masonry elements and
joint interfaces is homogenized. Meanwhile, DE strategies are able to
accurately capture in- and out-of-plane behavior [92,93], for varied
types of geometry [94,95], at both global- and local-scales [96-99] by
representing a masonry structure as a system of three-dimensional rigid
or deformable bodies. As shown in the literature [100-103], DE ap-
proaches are particularly suitable to highlight the detailed structural
phenomena that occur between masonry elements and their joint in-
terfaces, such as detachment, collision and sliding. While commercial
software packages exist to facilitate the structural analysis of a masonry
structure using a FE (e.g. Abaqus [104]) or a DE focus (e.g. 3DEC [105]),
creating and running these models can be time-consuming and compu-
tationally expensive, which is unsuitable for explorative optimization
processes. Inspired by Heyman’s safe theorem [6,106], geometric stra-
tegies instead assess the static equilibrium of a masonry structure by
modeling it as a network of compression forces. In the literature,
geometrical approaches tailored to two-dimensional [107-109] and
three-dimensional masonry structures [10,110,111] have been pro-
posed. Unlike their FE or DE counterparts, geometric strategies do not
solicit material information about a masonry structure and are agnostic
to the arrangement of contact interfaces beween masonry elements and
joint types. While this can simplify and speed up the modeling process,
geometric approaches overlook potentially relevant structural actions
occurring at the joint interfaces which may be critical to assessing the
inter-construction states in a masonry structure.

2.5. Next steps in robotic fabrication

Research on robotic construction in industry has focused on tech-
nical advances in the automation of traditional building practices, which
are wasteful from the perspective of material usage. Meanwhile, recent
academic research has focused on expanding design possibilities, using
robots to achieve local geometric differentiation without a specific
emphasis on material efficiency. We see opportunities in utilizing ro-
botic construction to combine both of these approaches — keeping ma-
terial efficiency and geometric complexity central to the process with
the overall goal of making construction less labor intensive and more
productive. Recent work [20-22] has demonstrated the feasibility of
moving away from the vertical construction paradigm common to ro-
botic masonry fabrication, by sequencing two robotic arms to build a
complex vaulted structure without temporary scaffolding. This paper
builds on this work by providing a numerical basis for how to develop
and evaluate such robotic fabrication sequences. It also extends the
fabrication framework developed in [20-22] by introducing the concept
of multi-objective optimization to determine how robotic support posi-
tions can be determined while satisfying structural performance criteria.

3. Methodology
3.1. Masonry vault prototype

This paper explores cooperative robotic building sequences in the
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context of a recently constructed masonry vault prototype [22]. Figs. 1
and 2 show the 338-brick building-scale vault, which is tiled using a
herringbone tesselation pattern. This structure is assembled using two
ABB 6400 industrial robotic arms (referred to as robl and rob2
throughout the paper), with a maximum reach of 2.55 m and payload of
40 kg. These robots have a position repetition accuracy of 0.4 mm, with
98% of movements within 1 mm [112]. Previous work related to the
development of the robotic fabrication method, the prototyping process,
and the construction of the final vault are described in a series of recent
publications [20-22].

The construction of this prototype can be split up into two main
phases: (1) the central arch, and (2) the full vault. The central arch
consists of 25 rectangular bricks, arranged with a span/height of 2.08/
1.93 m respectively as shown in Fig. 2. Each brick has standardized
dimensions of 246x116x53mm, and is made from cast glass with a
density of 2420kg/m® (i.e., self-weight of 3.66kg per brick). This struc-
ture represents a significant step forward in the field of robotic masonry
construction, breaking with the vertical layer-based construction that is
demonstrated in preceding robotic construction projects discussed in
Section 2.1 and 2.2. The first construction phase is critical when
developing a scaffold-free fabrication method since the arch is not self-
stable in its unfinished state. Thus the robotic fabrication methods must
break from the traditional two-sided construction approach where
external scaffolding is required as shown in Fig. 3. Instead, the arch is
built up from only one end, while utilizing the robots as mobile tem-
porary supports to the unfinished arch during the full construction
sequence as outlined in [21].

Once the central arch is completed (see Fig. 2), the second phase
consists of building up the rest of the vault around it over a skewed plan
area of 2670x4350mm. A step-wise sequence is used, where the central
arch acts as a support from which to extend the structure out in over-
lapping diagonal layers. An interlocking herringbone tessellation
pattern is used throughout the full vault since this pattern provides local
support to the surrounding bricks during construction [2,8]. Thus, the
central arch is built with a horizontal-horizontal-vertical 3-brick
pattern, which allows it to interlock with the surrounding
herringbone-patterned vault. Details on the tessellation and layered
construction sequence are outlined in [21].

3.2. Computational modeling approach

The purpose of the computational modeling is to obtain values of
displacements, forces and stability feedback throughout all the stages in
the construction process for the masonry arch. The three robotic fabri-
cation sequences proposed in Sections 4 and 5 are evaluated on the basis

Fig. 1. The vault prototype assembled with two industrial robotic arms.
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Fig. 3. Scaffolding in traditional two-sided masonry arch construction.

of their structural performance. The complexity or precision of a Finite
Element (FE) mesh-based or Discrete Element (DE) model is deemed
unnecessary since only the linear elastic behaviour of the masonry vault
is required to assess performance in the context of the construction
sequence. Therefore, only the static force distribution and instantaneous
displacements are used as the basis for evaluating performance (i.e.,
nonlinear or long-term responses are not being evaluated). Furthermore,
the large number of independent models that need to be evaluated to
fully characterise the solution space of a building sequence optimization
problem of this scale also preclude the use of FE mesh-based or DE
analysis methods as they are computationally taxing. For example, the
placement of each new brick constitutes a new structural model, which
requires updating geometry, loading, and support conditions. Finally, a
traditional modeling environment (i.e., non-parametric) is not suited to
the optimization process used to calculate support points described in
Section 5.

Based on these analysis requirements, a method based on a highly
abstracted structural model using only linear elements is proposed here.
First, the masonry structure is modelled as a geometric system, repre-
sented as a network graph (i.e., a collection of nodes connected by
edges) as a way to simplify the discrete element assembly while still
capturing its geometry and topology [113,114]. Next, this geometric

representation of the structure is turned into a simplified FE model,
using linear elements and joints to represent the edges and nodes of the
network. Specifically, edges become the structural elements (i.e., bricks)
and nodes become either the centroids of the bricks or flexible connec-
tion joints between bricks (i.e., mortar bond) as shown in Fig. 4.
Generating such a model from a given set of discrete elements can be
scripted in a parametric environment [115], allowing for the rapid
generation of numerous models representing the different construction
steps, and simultaneous linear elastic analysis using existing FE software
[116]. Linear and rotational stiffness values can be assigned to the ele-
ments and joints respectively. Rigid elements and flexible joints are used
to represent the deformations that occur in the masonry assembly
analyzed in the linear range.

With such a model, based on a network representation, one com-
promises in accuracy but gains far more in “explorativity” by virtue of its
simplicity and application in a parametric environment. Section 3.2.1
describes this approach in more detail as it is specifically applied to the
analysis of the masonry vault prototype, highlighting the calibration
performed to determine reasonable joint spring stiffness values.

3.2.1. The double-cross model

To model masonry assemblies the geometry of each masonry unit is
simplified to a “double-cross” network; the name is derived from the
schematic appearance of this representation shown in Fig. 4. This
configuration is chosen since it represents the physical geometry and
connection topology in a typical masonry structure. Each brick is
assigned a total of six external nodes (two per long side and one on either
short side) and two inner nodes (at the quarter-points, or centroids of
each half-brick). In a typical assembly, individual bricks can be joined
together by connecting their neighboring centroids with a connection
edge, and splitting this element to create an external node at the location
where the gap between the bricks occurs (i.e., the external nodes of two
connected bricks coincide). Both internal (between two internal nodes)
and external (between an internal and external node) edges are modeled
as rigid elements. They connect to at least one rigid internal joint, which
by formulation does not allow for any relative rotation in the edges
connected to it. The result is capturing the overall rigidity of a masonry
unit using only simple joint and linear elements. Meanwhile, the
external nodes represent the connection points between rigid bricks, and
are modeled as joints with linear and rotational spring stiffness that
represent the flexibility of the connection mortar. Fig. 4 shows such a
representation for a small subset of bricks arranged in a herringbone
pattern taken from the vault prototype.

3.2.2. Joint and element calibration
Despite being a simplification, the double-cross representation must
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Fig. 4. Representing a masonry structure with the double-cross model.

still be able to capture displacements and force redistribution in a
realistic manner. We use structural stiffness as a proxy for this — if an
analyzed structure exhibits accurate stiffness (i.e., load/deflection), then
the assumption is that deflections and force redistribution are also ac-
curate in the structure [117].

To improve the results from the double-cross model, the linear and
rotational springs in the connection joints are calibrated on the basis of
existing experimental results from full-scale masonry barrel vault load
tests documented in the literature [118-124]. The reader is referred to
Table 1 for a list of references and values for all parameters defining the
different structures: L = span length, r = vault radius, b = vault width
(into the page), t = vault thickness, #picks = number of bricks in the
vault, h = infill height above the crown, y; = infill density, y,, = masonry
density, x = loading distance. A generic experimental setup is sche-
matically shown in Fig. 5. These experiments take a monotonically
increasing load (P) and apply it across the width (b) of the barrel vault,
measuring the displacement under the load (A). For calibration pur-
poses, we only use results in the literature where experimental load-
deflection data is provided, and where spandrels are detached from
the arch structure.

rigid element
flexible joint

Fig. 5. Deformed shape superimposed on the analytical representation of a
generic masonry barrel vault load test.

Linear elastic FE analysis models are created for each of the masonry
vaults summarized in Table 1. These models are based on the same
approach described in the Section 3.2: each brick in the arch is modeled
as a rigid element connected to its neighbor at a flexible joint as shown
in Fig. 5. The full width (into the page) of the arch is represented by a
single element since only in-plane behavior is examined in these tests.
From this linear elastic analysis, the stiffness (k;;) is obtained as a ratio of

Table 1
Summary of structural parameters for full-scale masonry arch tests with published load-deflection data.
Reference L r b t #bricks h 7 Ym X
[m] [m] [m] [mm] [mm] kg kg [m]
m m

1 Royles and Hendry (1991) [118] 2.180 1.090 1.690 103 46" 240 1430 20,001 0.750
2 Melbourne and Walker (1988) [119] 1.600 0.800 1.000 100 31 150 1560 2100 0.550
3 Melbourne et al. (1997) [120] 3.220 0.860 2.880 215 48! 170 2260 2400 0.860
4 Melbourne and Gilbert (1995) [121] 3.220 0.860 2.880 215 48! 300 2260 2400 0.860
5 Melbourne and Gilbert (1995) [121] 5.450 1.470 3.010 445 81’ 350 2260 2400 1.470
6 Gilbert et al. (2007) [122] 3.220 0.860 1.010 215 481 305 1950 2360 0.860
7 Towler and Sawko (1982) [123] 4.220 1.110 1.100 215 70% 250 20,002 20,002 2.110
8 Swift et al. (2013) [124] 3.220 0.860 1.010 215 48 300 2040 20,002 0.860

! Data not found in original paper, taken from summary by [91].
2 Data not found in original paper, estimated.
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the applied load to the vertical displacement at the loaded location. This
analytical stiffness is then compared to the experimental secant stiffness
(k¢) in the initial linear elastic region, which is based on the published
load-displacement test data. Fig. 6 shows an example of this process
using the data from Test #1 [118]. The rotational and linear spring
stiffness of the joints are then calibrated to ensure the best agreement
between experimental and analytical stiffness for all the available tests.

The results of the calibration are summarized in Table 2, which also
shows the relative error (e between the experimental (k.,) and
analytical (k;,) stiffness when using calibrated linear and rotational joint
springs in the analytical model. When compared to the experimental
data, a calibrated linear spring stiffness of 100 x 108kN/m® and rota-
tional spring stiffness of 0.9 x 10%kN/(rad - m?) are determined to
minimize the error across the full data set. The linear spring stiffness
falls within the 100 x 10° — 100 x 10”kN/m® range as per recom-
mendations in the literature [97]. The rigid element and flexible joint
approach used in the double-cross model is thus capable of capturing the
in-plane load-deflection behaviour of a masonry structure in the elastic
range.

3.2.3. 3D validation of model

Further validation of the proposed model is performed to verify the
ability of the double-cross model to capture out-of-plane displacements
when using the joint stiffness results determined in Section 3.2.2. This
validation is performed against static DE models implemented using the
3DEC software [105], representing snapshots of the prototype arch
during various stages of construction. These models are numerical ap-
proximations of the real behavior, but by formulation are more realistic
and accurate and computationally more expensive. Thus, the goal is to
verify that the results of the DE models show good agreement with those
of the simplified double-cross representation for situations that cause
out-of-plane effects in the arch.

In the DE model, the partial arch is modelled as an assembly of rigid
bodies, whose shape corresponds to the masonry bricks (i.e., rectangular
prisms with 8 vertices). The joints between the bricks are modelled by
interfaces ruled by a Mohr-Coulomb model [97], with the parameters
based on the characteristics of the epoxy mortar used (i.e., Oatey® Fix-
It™ Stick [125]). The cohesion used is 2 MPa and the tensile stress cut-
off is 3 MPa. Joint stiffness and shear stiffness are set to jK, = 100 x
10%kN/m? and jK; = 10 x 10°kN/m? with a friction angle of 25°, which
is based on [97].

For the construction stages investigated, the robotic arm acting as a
support to the structure is simulated with two fixed rigid bodies. These
are labelled at (A) and (B) in Fig. 7, which otherwise shows a visuali-
zation of the discrete element model with the brick interfaces
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Fig. 6. Tuning the analytical to the initial experimental secant stiffness.
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Table 2
Initial experimental secant arch stiffness compared to calibrated element-spring
model stiffness.

Reference ke ki €rel
kN kN [%]
ol o
1 Royles and Hendry (1991) [118] 51 41 -19.6
2 Melbourne and Walker (1988) [119] 138 143 3.6
3 Melbourne et al. (1997) [120] 378 434 14.8
4 Melbourne and Gilbert (1995) [121] 535 417 —22.1
5 Melbourne and Gilbert (1995) [121] 803 264 —67.1
6 Gilbert et al. (2007) [122] 132 140 6.1
7 Towler and Sawko (1982) [123] 70 71 1.4
8 Swift et al. (2013) [124] 120 141 17.5

fixed base

Fig. 7. 3DEC model where robotic support is modelled as a two-block interface
restraint (A and B).

highlighted. These two rigid bodies effectively support the active block
in the arch at two small interfaces to simulate how a robot grips the
brick. Unlike the typical brick-brick mortar joints, at the pinch location
the normal and shear stiffness values are an order of magnitude greater
to mimic the effect of a robotic gripper support, thus preventing any
sliding deformation. Therefore, the arch is vertically supported while
still able to rotate about the axis formed by the rigid support blocks.
Global out-of-plane displacements of the arch are determined as a
function of this support condition.

The validation is performed across four separate models corre-
sponding to steps in the arch construction sequence where the robot
places and supports bricks 17, 18, 23 and 24. These construction steps
are expected to produce out-of-plane twisting as seen in the sequential
method discussed further in Section 4. All DE analyses are performed
with self-weight loading and supports at both the location where the
robotic arm holds a brick and the fixed base. The DE computations are
carried out over a sufficient time scale for the structure to reach equi-
librium (i.e., until the unbalanced force is 0 kN), and in that state the
displacements at the vertices of the discrete blocks are output. These
rigid block vertex displacements are then converted to equivalent dis-
placements at nodal locations coinciding with the inner nodes in the
double-cross representation (see Fig. 8). This conversion is performed
based on weighted averages of the corner displacements as the blocks
are rigid and therefore experience no relative deformation between
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Fig. 8. DE analysis of the partial arch.

vertices.

The results of this comparison are shown in Table 3, where the
average relative error in the displacements between nodes across the
discrete and finite element models is used as the comparison metric for
each of the four partial arches modeled. This average error is based on
results ranging from 33 to 47 data points for model 1 to 4 respectively.
The magnitude of the errors is at a similar order of magnitude to those
obtained in the in-plane calibration (see Section 3.2.2), which means
that the results for the out-of-plane behaviour are satisfactory using the
simplified formulation. A comparison between the experimental cali-
bration and DE validation tests show that when calibrated the tuned
double-cross model is capable of representing both the in-plane and out-
of-plane behaviour of a masonry structure within a 20% margin.

4. Central arch fabrication with two robots

The first phase of the vault’s construction (i.e., the central arch)
represents a challenge from the perspective of a scaffold-free construc-
tion method, since the structure is not self-stable before the central arch
is complete. To unlock the construction potential of using two robots, we
build on an existing cooperative robotic fabrication strategy first intro-
duced in [21]. A unidirectional construction approach is implemented,
where the arch is built up from one end to the other. Contrary to the
traditional method, discussed in Section 3.1, there is only one active
build edge. This means that the robots can be sequenced in a cooperative
manner by taking turns either placing or supporting the partial arch at
this active edge. In this way, the full arch can be constructed without any
external scaffolding by relying on robotic support.

Two different build strategies, referred to as the sequential method or
cantilever method are defined in [21]. Fig. 9 schematically shows an
example of these methods at work when when adding three bricks to the
partial arch starting from brick #17. In both sequences, each build step
consists of one robot performing either of two actions: placement of a
brick (P), or release of a brick (R) (i.e., adding a new brick takes two
discrete steps). The strengths and weaknesses of each method are

Table 3
Average relative error in displacements across models between the proposed
simplified model and DE analysis results.

Bricks #nodes Yoerror
1 17 33 20.9
2 18 35 24.7
3 23 45 —-14.9
4 24 47 -15.3
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discussed in Sections 4.1 and 4.2, with detailed structural results for
each build step when constructing the full 25-brick central arch using
each sequence in Appendix A.

4.1. Sequential method

The sequential method (shown in the top of Fig. 9b), where the left and
right robots alternate placing bricks, is the intuitive way to sequence two
robots. This is a relatively simple sequence to implement robotically, but
there are structural issues that arise from the support position location as
function of the herringbone tessellation pattern. The bricks in the arch
must be placed in a horizontal-horizontal-vertical pattern (as shown in
Figs. 2 and 10a) to allow the arch to later interlock with the rest of the
vault. When using two robots (i.e., robl and rob2) on either side of the
arch, there are stages in the construction when there is only one robot
supporting the structure (i.e., a release (R) step) as the other robot re-
leases the structure to retrieve the next brick. At these stages there is
only one robot supporting the arch while gripping a horizontal brick.
Fig. 10 illustrates this condition and the force couple, M = F - e, that
results from such a situation, causing critical out-of-plane twisting
displacement that the arch is not capable of resisting. This moment
scales with the magnitude of the force (F), which is equal to the thrust
exerted by the partial arch on the robot as a function of the geometry and
self-weight distribution in the structure. The lever arm (e) is equal to the
deviation between the thrust line and support point, which is 135 +
15mm.

This off-center loading condition occurs at eight different steps in the
full construction sequence (i.e., steps 9, 11, 21, 23, 33, 35, 45, and 47).
Table 4 summarizes the main structural results from these steps,
showing the following: sequence step number; type of step (release or
placement); total bricks in the arch; what brick (b) and node (n) each
robot is gripping; Fyo = load supported by the robot; Fy,, = load at the
base support; M, = moment at the base support; Apqe = maximum
nodal displacement. C1 = Myyp/Mgyp, avg is the moment multiple based on
an average support moment of 6.8 N - m over the full sequence, and C; =
Amax/BAmax, avg is the displacement multiple based on an average
maximum nodal displacement of 7.3 x 10~3mm over the full sequence.
The full data for all 49 steps required to build the 25-brick arch with the
sequential method can be found in Appendix A, Table A.1.

Four of the off-center steps occur while building up to the crown
(steps 9, 11, 21, and 23) and four while building down from the crown
(steps 33, 35, 45, and 47). The four steps after the crown experience
maximum nodal displacements at multiples of 9.7 to 42.1 times greater
than the average maximum displacements for all other typical loading
steps (7.3 x 1073 mm), and moment multiples of 4.1 to 9.7 times the
average moment across all the steps (6.8 N - m). An example of such a
twisting step is 35-R where rob2 is holding brick 18 at node 35, which is
schematically shown in Fig. 10b. This step has a displacement and
moment multiple of 13.4 and 4.4 respectively. In general, the large
displacement multiples experienced during this fabrication process
suggest that the sequential method, while easy to implement, is not
robust and scalable. This method is not suitable for structures with
larger axial thrusts. Ideally maximum out-of-plane displacements and
moments should be kept below the value for Step 35 (i.e., 100 x
10~ 3mm and ~30N - m), which can be detrimental and lead to collapse
of the arch. While this collapse mechanism is a function of the geometry,
small and medium span arches can be fabricated without collapse using
the sequential method, but at the larger scale this twisting behavior must
be avoided.

4.2. Cantilever method

The cantilever method (shown in the bottom of Fig. 9b) is a more
complex 2-robot sequence that was developed to solve the twisting issue
experienced in the sequential method [21]. The method is based around
an alternating three brick placement sequence for each robot. Fig. 9
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Fig. 10. Twisting of the arch during construction with the sequential method.

Table 4

Analysis results for the off-center support steps in the sequential method.
Step Type Total Bricks robl rob2 Frob1 Frob2 Fop Mgy Cy Amax Cy

b n b n [N] [N] [N] [N-m] [103mm]

9 Release 5 5 8 - - 75.0 - 106.1 6.8 1.0 1.3 0.2
11 Release 6 - - 6 11 - 85.2 132.2 8.3 1.2 2.2 0.3
21 Release 11 11 20 - - 86.6 - 311.7 21.5 3.2 12.8 1.8
23 Release 12 - - 12 23 - 89.7 347.9 22.0 3.2 16.9 2.3
33 Release 17 17 33 - - 170.8 - 470.0 21.3 3.1 70.8 9.7
35 Release 18 - - 18 35 - 203.8 468.9 29.6 4.4 97.5 13.4
45 Release 23 23 44 - - 369.3 - 477.1 56.4 8.3 264.4 36.2
47 Release 24 - - 24 47 - 405.5 474.7 66.0 9.7 306.5 42.0

illustrates one full construction loop: rob2 supports the arch at brick 16,
while rob1 places 3 bricks in sequence (i.e., steps 32, 34 and 36), after
which their roles swap. Despite this difference, the cantilever method
shares 1/3 of its steps in common with the sequential method. For
example, as shown in Fig. 9, steps 32 and 37 out of the six steps in one
loop are the same across both methods. These common steps are also
highlighted in the full 49 step building sequence for the 25-brick arch in

Appendix A, Table A.2. The main benefit of the cantilever method is that
the support point swap (brick 19 in step 37 in the example above) always
occurs when a robot is supporting the arch on a vertical brick, which is
centered on the thrust line of the arch.

Avoiding a support point swap while gripping a horizontal brick off-
center leads to more consistent structural behavior across all the fabri-
cation steps (i.e., no large jump in moments and displacements between
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steps). This consistency is shown in Table 5 when comparing the
moment and maximum displacement between the two methods, for all
the critical steps discussed in Section 4.1. Based on the moment and
maximum displacement metrics, the cantilever method consistently out-
performs the sequential method. This performance is exemplified in the
four critical steps after the crown (i.e., steps 33, 35, 45 and 47), where
moments and maximum displacements are reduced by 78-99% and
84-96% respectively. Eliminating the twist allows the central arch to
maintain stability and to be constructed without temporary scaffolding,
as shown in Fig. 11.

While the cantilever method successfully mitigates the critical twisting
action, it does introduce a new challenge: during certain stages in the
sequence there are up to three bricks being cantilevered from the closest
robotic support point. This partial assembly is therefore relying on the
tensile capacity of a single brick-brick connection at the fixed support.
This is not a reliable strategy since it is highly sensitive to the connection
and brick material used. For the prototype, this is solved by using fast-
setting epoxy putty [125] that can support a cantilevered load equiva-
lent to five bricks [21]. But in general, this direct reliance on the mortar
strength raises questions about scalability and efficiency of the cantilever
method. The connection material needs to be fully cured before pro-
ceeding to the next step, which slows down construction significantly.
But this was not a significant factor as the epoxy only required ~ 15 mins
to cure. But if traditional mortar is used, coupled with heavier con-
struction loads (i.e., heavier or larger bricks), resisting the tension
caused by the cantilevered support condition within a reasonable time-
frame would not be feasible.

In general, the cantilever method performs worse with respect to
tensile forces in the members than the sequential method, which is typi-
cally undesirable in masonry construction. This comparison is made in
the T column in Table 5, where the maximum tensile force in an
element at a step is shown for both methods. Table 6 shows the average
maximum tension forces in the elements across all steps in the full
construction sequence, steps before the crown, and steps after the
crown. These values are consistently 40-80% higher for the cantilever
method, although the absolute maxima are the same for both.

4.3. General challenges with 2-robot fabrication methods

Neither of the 2-robot construction methods discussed in Sections 4.1
and 4.2 are a perfect solution to the scaffold-free construction goal. The
sequential method suffers from twisting displacements at certain steps,
but minimizes overall tensile forces since the arch is always supported
on the last brick placed. On the other hand, the cantilever method mini-
mizes the out-of-plane deformations during construction but suffers
from a reliance on the tensile capacity of the mortar. These two methods
do not constitute all the possible sequences, but all 2-robot fabrication
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Fig. 11. Two robots build the central arch using the cantilever method.

Table 6
Tensile forces in both 2-robot sequences (in N).
Sequential Cantilever
Average Tpqy in full sequence 38.0 53.7
Average Tpqy before crown 55.2 80.0
Average Tpqy after crown 17.4 30.6
Maximum Tyqx 114.4 111.5

proportional to the size and weight of the arch. The maximum forces in
the robots for the full construction sequences are shown in Table 7.
Although the two methods have different overall behaviors, the
maximum force in each robot required to support the arch is similar.

5. Central arch fabrication with three robots

Adding a third robot to the construction sequence can mitigate many
of the issues that arise from using either of the 2-robot methods dis-
cussed in Sections 4.1 and 4.2, and thereby improving the overall scal-
ability of a scaffold-free fabrication method by reducing the maximum
support force in each robot, and minimizing tension forces, moments
and displacements in the structure. A third robot (rob3) is envisioned as
a mobile agent, that has additional flexibility to place and support bricks
from either side of the arch, unlike rob1 and rob2 which are fixed on

Table 7
Maximum forces supported by the robots.

sequences face issues related to scaling the size of the structure and robl rob2
reaching the maximum load capacity of the robots themselves. N N
Regardless of the specific fabrication sequence, when using two robots Sequential Method 369 406
there is always a situation where only one robot is gripping the struc- Cantilever Method 362 409
ture. The load path is determinate, so the support force grows
Table 5
Comparison of cantilever to sequential method at critical steps.
Step Msyp Amax Trnax
CIN-m] SIN-m] c/s C[103mm] S [10"3mm] c/s CIN] S [N] c/s
9 2.9 6.8 0.43 0.4 1.3 0.31 68.6 36.9 1.9
11 1.6 8.3 0.19 0.6 2.2 0.27 69.1 45.5 1.5
21 20.7 21.5 0.96 8.5 12.8 0.66 78.4 23.7 3.3
23 18.6 22.0 0.85 7.3 16.9 0.43 90.8 11.4 8.0
33 4.6 21.3 0.22 11.2 70.8 0.16 29.6 0.8 37.0
35 5.3 29.6 0.18 10.4 97.5 0.11 59.3 0.8 74.1
45 3.7 56.4 0.07 15.9 264.4 0.06 34.8 0.8 43.5
47 0.9 66.0 0.01 11.1 306.5 0.04 69.6 0.8 87.0

C = Cantilever Method, S = Sequential Method.
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either side of the structure. In this paper, only the structural influence of
this third robot is investigated, omitting the challenges associated with
the developing the fabrication setup around reachability and collision
concerns.

Based on the conclusions drawn from developing the 2-robot
methods come the following design criteria for a 3-robot sequence as
desired:

1. no twisting: two robots must always be gripping the structure
2. no cantilevering: a robot must always be supporting the very last
brick in the partially constructed arch

The inclusion of a third agent capable of placing and supporting
means that the fabrication sequence is no longer prescriptive — there is
an additional robotic support available at each step beyond what is
required for stability, which can be moved to support any free location
on the structure. The selection of the location of the additional robotic
support can be formulated as an optimization problem, where the new
support position is calculated to improve a user-specified set of struc-
tural criteria. In Sections 5.1, 5.2 and 5.3 the following is discussed: the
optimization approach that is used to select support points, how a 3-
robot optimization-based fabrication could be implemented, and the
structural results of using an optimized fabrication sequence.

5.1. Optimization algorithm

The goal of the optimization is to minimize the displacement and
forces experienced by the partial arch during each construction step, and
thus to determine the location on the structure that a robotic support
should move to at the start of each optimization loop (outlined in Sec-
tions 5.2.1 and 5.2.2). The optimization process is formulated in Eq. (1),
where an optimal node (n*) is defined as the support node on the
structure that minimizes the sum of the average R-terms (i.e., perfor-
mance ranks) at each of the fabrication steps for which the support is
present. These rank terms represent the relative performance in a
particular structural criterion when placing a support at the node being
examined. First, an exhaustive set of FE structural analyses based on the
double-cross representation are performed at each fabrication step,
where the support point is moved to every possible support location on
the structure. The number of possible support locations increases with
the size of the partial arch. The structural behavior from each of these
models is recorded (i.e., maximum tension in the element interfaces,
moment at the support, forces in the robotic supports, and maximum
displacement), and once all locations have been evaluated they are
ranked from best to worst.

For example, if there are a total of 17 bricks already placed in the
partial arch structure, there are a potential 17 x 2 = 34 possible support
nodes in the structure for a robot to move to in the following step (less
any that are not reachable based on kinematics and if a robot is already
supporting that location). Thus, 34 models would be run for this step,
varying the support location in each, and then ranking these models
based on how they performed in each of the structural categories of
interest. The sets of criteria can be chosen by the user, in the case of the
arch, the two criteria to improve are shown in Egs. (2) and (3). Eq. (2)
minimizes the following: maximum tension in the bricks (T;qx), support
moment at the base (M), forces in all supporting robots (Rrop1, Rrob2,
Rrop3)- Eq. (2) minimizes: maximum tension in the bricks (Tpqy), support
moment at the base (Mgy,), forces in the active robot moving to an
optimized location (Ryep), and the maximum displacement in the arch
(Amax)-

4
n* = argmin(:uppnrt node) ZRI (1)

i=1

where
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R =avg (RTm(n +RMHI[) +RF""" +RF”"’Z +RF""’3) (2)

I_? = avg ( RTWU.\ + RM"”” + RFm]) + RAmm) (3)

This optimization, based on multiple structural criteria, ensures that
the selected support location leads to general improvements to all the
important structural behavior criteria while minimizing negative side-
effects. For example, to avoid reducing the deflection at the cost of
higher forces in the supporting robots. Eq. (2) is used for optimizations
that occur before the crown of the arch has been reached, since de-
flections are not significant up to this point. Eq. (3) is used for the op-
timizations after the crown, where the deflection and support force
criteria are critical. Only the active robot — the robot that is being moved
in the optimization loop - has its support force optimized.

5.2. Optimization-based fabrication sequences

5.2.1. Modified sequential method

Given an existing 2-robot sequence, one can determine where the
third support should be placed to mitigate any structural issues. For
example, starting with the sequential method and the challenges with
twisting, the 3rd support could be placed on the structure to counteract
this action. Table 8 illustrates such a hypothetical scenario, starting with
the partial arch during the sequential method at step 8. Normally the
following step would cause off-center twisting to occur as rob2 releases
its grip (see Appendix A, Table A.1 for the full sequential sequence). But
the third support is free to be placed at an optimal location on the
structure before this twisting occurs, which is highlighted by the cells
labelled “O1” in Table 8. This location is identified on the basis of an
optimization; the selected brick and node to grip must lead to improved
structural behavior in all three of the steps it will be present in. The
objective function is thus formulated as choosing a support location that
leads to the best cumulative performance in displacements, forces, and
moments in the structure over all three steps. The issue with twisting on
step 9 has thereby been resolved through the inclusion of the rob3
support, and this process is continued for the full fabrication sequence as
the third support is continuously moved to optimize the behavior over
the following range of three steps: 02, 03, O4, ..., On. But not all
fabrication steps are optimized when adding a third support to an
existing 2-robot method in this way. For example, the steps when rob3
releases the structure and moves (10 and 12 in Table 8) are the same as
in the standard 2-robot sequential method.

Table 8
Modifying the sequential method with an optimized third

support.

Step!  Total robl  rob2 rob3

Bricks b n b n b n

8 4 5 08 4 7 - -

4 5 8 4 7 o1 01

92 4 5.8 - - 0l Ol

5 5 8 6 11 01 01

10 5 5 8 6 11 - -

5 5 8 6 11 02 02

112 5 - - 6 11 02 02

6 7 13 6 11 02 02

12 6 7 13 6 11 - -

—— = optimized support location
! step numbering corresponds to the sequential method sequence
2 steps experiencing off-center twisting in sequential method
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5.2.2. Optimized three robot method

In contrast to a partially optimized sequence, as described in Section
5.2.1, a fully optimized fabrication sequence is one where each step is
covered by an optimization calculation for any one of the robots. Such a
sequence is superior to a modified 2-robot sequence, as the position of
all three robots is actively included in the optimization process. There-
fore, the whole fabrication sequence can be redefined with respect to a
set of user-specified structural optimization criteria in addition to the no
twisting and cantilevering design criteria, rather than just building on an
existing and potentially limited 2-robot sequence. Table 9 describes a
fully optimized three robot method, where every step is covered by an
optimization calculation performed for the active robot (represented by
the cell highlighted in blue).

An optimization is performed for each brick placed into the arch
(excluding the first two), where > "%4 - 2n, is the number of individual
analysis models that are needed for the full fabrication (i.e., 2576
models with nyq, = 25 bricks). It is important to point out that this
constitutes a simplification to a cascading optimization, where each
cycle is linked to the next as their first and last steps overlap. For
example, looking at Table 9, Step 11 falls on the last step in O2 and the
first step in O3. This means that an exhaustive evaluation would require
(2n)(2(n — 1)) models to run for each of these overlapping steps,
resulting in a total > 7m%3 - 2n + (2n)(2(n — 1) individual analysis
models that would need to be run for the full fabrication (i.e., 22,724
models with nyq = 25 bricks). Even with the simplified modeling
approach this is considered an excessive number of analyses to perform.
Therefore we treat this overlapping step as pertaining only to one of the
optimizations, thereby reducing the order of the problem from O(n?) to
o(n).

The general fabrication process can be described by the four-step
loop (a to d) in Fig. 12. This loop is repeated over the construction of
the whole arch, with the roles of the three robots varying depending on

Table 9
3-robot cascading optimization.
Step  Total robl rob2 rob3

Bricks b n b n b n

1 1 1 1 - - - -

2 2 1 1 2 2 - -

3 3 1 1 2 2 0O1 o1

4 3 - - 2 2 0O1 o1

5 4 4 7 2 2 01 o1

6 4 4 7 - - 0O1 o1

7 4 4 7 02 02 01 o1

8 4 4 7 02 o2 - .

9 5 4 7 02 02 5 8
10 5 - - 02 02 5 8
11 5 03 03 02 02 5 8
12 5 03 03 - 5 8
13 6 03 03 6 11 5 8
14 6 03 03 6 1 - -
15 6 03 03 6 11 04 04
16 6 - - 6 11 04 04
17 7 7 13 6 11 04 04
18 7 7 13 - 04 04
19 7 7 13 05 05 04 04
20 7 7 13 05 05 - -
21 8 7 13 05 05 8 15
58 17 - - 014 014 17 33
59 17 015 Ol5 014 014 17 33
60 17 015 015 - - 17 33
61 18 015  Ol5 18 35 17 33
62 18 015  0l5 18 35 - -

—— = optimized support location
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Fig. 12. Four-step fabrication loop.

what stage of the construction is being completed. The placement of
bricks is sequential, but each robot takes a turn being the optimized
support every three bricks, creating the cascading pattern of optimiza-
tions as seen in Table 9.

Fig. 13 shows a concrete implementation of this for just one loop
starting at step #59 (the full arch fabrication sequence can be found in
Appendix B, Table B.1), where the four-step loop (a to d) is described in
detail at each step. In Fig. 13 the optimized location (0O15) in step #59 is
calculated for the structure based on the algorithm explained in Section
5.1.

5.3. Optimization results

A total of 23 independent optimizations (each corresponding to 4
steps in the sequence) were required in the fabrication simulation of the
25-brick arch based on the optimized three robot method. The full set of
structural analysis results using these optimized locations are shown in
Appendix B, Table B.1. With this method the construction takes a total of
90 steps, which is almost double what is required in a 2-robot method.
However, this is due to the re-positioning of the optimized support every
four steps. This longer fabrication sequence is partially offset by the fact
that waiting for mortar curing is not required as there is always a robot
supporting the latest brick in the sequence and there is no cantilevering
action.

The optimized three robot method is able to significantly improve the
structural behavior over the full construction sequence when compared
to both 2-robot methods discussed in Sections 4.1 and 4.2. Table 10
compares the maximum structural forces, moments, and displacements
measured during each of the three fabrication sequences. The 3-robot
sequence is able to re-distribute the forces in the robotic supports
reducing the maximum force in robl and rob2 by 27% and 37%
respectively. Twisting behavior is also mitigated, thereby reducing the
maximum moment and displacement by 67% and 93% respectively
when compared to the sequential method. The maximum tension in an
element is reduced by 23% when compared to the 2-robot sequences.

6. Conclusion

In this paper we build on previous research [20-22] that has
demonstrated how industrial robots sequenced in a cooperative manner
are a viable method for building a discrete brick arch without temporary
scaffolding. In the context of fabricating a masonry arch, a minimum of
two robots are needed to successfully execute a scaffold-free cooperative
placement and support sequence. A simplified geometric structural
analysis framework, based on rigid elements and flexible joints, is pre-
sented, validated and used to evaluate three fabrication methods:
sequential, cantilever, and optimized. While the sequential method,
where two robots take turns placing bricks, is simple to implement, the
out-of-plane twisting observed is detrimental in larger-scale structures.
The cantilever method, where the robots take turns placing three bricks in
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Fig. 13. An example four step loop in the 3-robot construction sequence.

Table 10
Improvement to structural behavior with 3-robot optimized sequence.
Seq. Cant. 3-rob

Frop1 [N] 369 362 270
Frob2 [N] 406 409 257
Frobs [N] - - 254
Msyp [N-m] 66.0 21.7 21.5
Tinax [N] 114.4 111.5 87.7
Apmx [10~°mm] 306.5 15.9 21.9

arow, solves the issue of twisting. But this method raises questions about
applicability to larger masonry structures due to a reliance on the
strength of the mortar to support bricks throughout the fabrication.

The addition of a third robot was analyzed to further improve upon
the 2-robot scaffold-free fabrication methods. We show that including a
third robot improves the structural behavior during fabrication when
formulating the fabrication sequence as the result of an optimization
problem. This approach creates an opportunity to design a fabrication
sequence on the basis of a set of user-specified structural optimization
targets (e.g., displacements, forces, moments) in addition to the goal of
removing the need for temporary scaffolding. Generally, the optimized
three robot method is an improvement as it combines many positive as-
pects of the 2-robot methods, while simultaneously mitigating the
negative: twisting deformations, tensile forces, and large support
moments.

Geometrically complex discrete element systems have significant

12

economic and environmental consequences due to their challenging
construction process, which is still deeply rooted in a pre-robotic con-
struction rationale. This work re-imagines the construction of discrete
element structures in response to emerging innovations in robotic
fabrication in the building industry and thus hopes to bring about
transformative sustainable changes in construction practices while
increasing onsite productivity. This study has generated new knowledge
on how to design and analyze robotic sequences for spatial structural
systems, and illustrates further the potential of utilizing cooperative
robotic fabrication for scaffold-free construction applications.
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Appendix A. 2-Robot fabrication sequence analysis results

Table A.1
Analysis results for the sequential method.
Step Type Total robl rob2 rob3 Frobl Fme Fr0b3 F.rup M.vup Fmin Fma)c Favg T%l Amax Aavg An'z
Bricks b n b n b n N N N N N-m N N N [10%]mm  [107*]mm  [107%] mm

1 place 1 T 1 = = | = = 35.6 = = 18 0.1 0.0 176 44 500 0.0 0.0 0.0
2 place 2 1 i 2 2] - - 36.6 383 - 2.9 0.5 0.0 17.6 25 71.4 0.1 0.0 0.0
3 release 2 - o 2 B = = - 543 - 19.0 0.8 -17.5 17.6 0.1 714 0.1 0.0 0.0
4 place 3 3 4 2 2 - = 36.1 54.6 - 18.1 0.4 -17.6 17.6 00 500 0.1 0.0 0.0
5 release 3 3 4 = = o= = 715 . & 36.2 11 354 35.1 -9 300 0.1 0.1 0.1
6 place 4 3 4 4 1 - - 73.4 352 = 35.9 0.8 -35.4 35.1 0.1 462 0.2 0.1 0.1
7 release 4 = i A = 87.3 = 56.9 3.6 -54.6 68.3 5 538 0.4 03 0.2
8 place 5 g A e e 25.7 101.4 = 55.9 3.0 542 68.6 07 438 0.4 0.2 0.1
9 release 5 S 8 - - - - 75.0 - - 106.1 6.8 -103.9 36.9 -242 438 i3 0.7 04
10 place 6 5 8 6 11 - - 76.9 54.5 - 85.2 54 -82.9 57.7 66 474 0.9 0.4 03
11 release 6 - - 6 u - - - 85.2 - 1322 8.3 41299 455 318 368 o7) 1.1 0.6
12 place 7 7 13 6 11 - - 78.0 68.5 . 107.9 8.8 -1048 709 6.1 59.1 2.0 0.9 0.6
13 release 7 7oy = | = | = = 1277 = = 124.4 115 41203 1054 87 500 24 L5 0.8
14 place 8 713 8 |15 - - 168.8 56.5 - 114.7 75 1123 1115 26 480 1.4 0.7 0.5
15 release 8 -~ ~ 8§ B ~ =~ - 138.4 - 149.5 13.9 1453 977 166 44.0 36 2.0 12
16 place 9 9 16 8§ 15 - - 58.6 186.2 - 138.1 10.0 1354 1056 86 500 23 12 0.9
17 release 9 9 16 - - - - 1445 = = 1789 16.7 1748 1011 274 464 5.1 28 1.8
18 place 10 9 16 10 19 - - 187.7 445 = 161.7 12.1 1588 1144 -13.7 484 3.2 1.6 12
19 release 10 = (1 I - 110.8 - 2482 217 2448 722 650 323 9.2 5.3 3.0
20 place 11 i W ® | = = -46.0 180.3 = 2320 19.8 2287 852 481 353 8.1 43 2.7
21 release 11 im 20 - - - - 86.6 - - Sl 215 3098 237 -1038 265 128 6.9 39
22 place 12 1 20 12 23 - - 79.0 46.4 - 307.3 215 3052 287 921 243 1.5 6.1 4.0
23 release 12 = = B s o = 89.7 = 3479 220 3465 114 -1202 189 16.9 83 46
24 place 13 13 25 12 23 - - 34.6 119.1 = 352.6 179 3515 347 -1176 175 12.8 6.4 39
25 release 13 13 25 - - - - 712 - - 416.5 144 -416.2 0.8 -163.0  10.0 12,9 7.6 42
26 place 14 138 25 14 |26 - - 3622 2032 - 3464 16.8 3454 799  -1023 163 10.7 5.6 38
27 release 14 - = 14 26 - - - 96.7 - 436.5 10.7 -436.3 0.8 41694 116 122 7.0 4.0
28 place 15 15 28 14 26 - - -146.6  280.0 - 393.3 136 3928 382 -1294 152 112 59 4.0
29 release 15 15 28 - - - = 119.9 - - 448.9 77 -448.9 0.8 1711109 113 6.5 38
30 place 16 15 28 16 31 - - 197.6 -52.0 - 4183 10.9 418.1 202 -1408 163 1.1 5.8 4.0
31 release 16 = | = g | 8l [ = oo = 1439 = 463.0 34 -463.0 0.8 SE | 122 10.3 6.4 32
32 place 7 7 8 | 3| = = il 1714 = 454.7 4.8 4547 144 -1621 154 10.5 6.0 35
33 release 17 17 33 - - - - 170.8 - - 4700 213 -470.0 0.8 -1770 9.6 70.8 33.1 23.1
34 place 18 17 33 18 35 - - 123.1 93.1 - 465.0 2.8 -465.0 336 -1657 145 102 6.0 34
35 release 18 SR R = 203.8 = 4689  29.6 -468.9 0.8 1732 9.1 975 413 332
36 place 19 19 37 18 35 - - 152.2 109.2 - 463.7 17 4637 449  -1673  12.1 10.2 5.9 33
37 release 19 19 37 - - - - 2363 - - 4713 il 4713 0.8 1768 12.1 10.9 6.6 33
38 place 20 o M@= = 256.1 68.0 - 462.7 27 -462.7 35 -163.8 115 10.1 5.6 35
39 release 20 - - 20 39 - - - 269.9 - 4715 28 4715 0.8 41760 9.8 125 74 39
40 place 21 21 40 20 39 - - 54.5 281.1 - 465.9 18 -465.9 22 -165.1 125 10.2 5.7 35
41 release 21 21 40 - - - - 303.8 - - 472.0 1.7 4719 0.8 -176.5 109 10.8 6.5 34
2 place 22 21 40 22 43 - - 308.8 36.0 - 4678 15 -467.7 1.0 41669 134 104 5.7 36
43 release 22 S | = || s | = = 338.1 = 4726 2.0 -472.6 0.8 1828 104 113 6.8 34
44 place 23 Sl A 26.0 349.5 - 4713 i3 4713 105 -1742 129 10.6 6.2 35
45 release 23 23 4 - - - - 369.3 - - 477.1 56.4 -476.6 0.8 1856 10.0 264.4 129.4 89.9
46 place 24 23 44 24 47 - - 250.8 179.6 - 4727 1.6 4726 683  -1787 123 123 7.1 39
47 release 24 =y SN = 405.5 = 4747 66.0 4744 0.8 11869 9.6 306.5 149.6 103.4
48 place 25 25 49 24 47 - - 2774 206.6 - 4713 17 4713 913 -1847 117 13.0 7.2 4.2
49 release 25 - - - - - - - - - 4723 0.7 4719 0.8 2047 104 11.9 74 36

—— = twisting step

—— = same in cantilever and sequential

! % of total edges in the analysis model that are in tension
2 standard deviation of all nodal displacements
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Table A.2
Analysis results for the cantilever method.
S'[Cp Type Total robl rob2 rob3 Frop1 Frop2  Frops Fsup qup Fonin Fonax Favg T%] Amax Aa\’g Au'z
Bricks b n b n b n N N N N N-m N N N [103mm  [10%]mm  [107] mm
1 place 1 1 1 - - - - 35.6 - - 1.8 0.1 0.0 17.6 4.4 50.0 0.0 0.0 0.0
2 place 2 1 1 2 2 - - 36.6 38.3 - 2.9 0.5 0.0 17.6 25 714 0.1 0.0 0.0
3 release 2 1 1 - - - - 72.9 - - -10.0 0.7 -35.1 17.6 75 571 0.3 0.1 0.1
4 place 3 1 1 3 5 - - 74.2 40.3 - 33 0.8 352 179 33 800 0.2 0.1 0.1
5 release 3 1 110.0 - - -10.2 0.5 -70.3 175 4193 400 0.5 0.2 0.2
6 place 4 1 1 4 7 - - 75.3 70.3 - -5.7 0.3 -35.6 51.9 52 61.5 0.2 0.1 0.1
7 release 4 - - 4 7 - - - 87.3 - 56.9 3.6 -54.6 68.3 iL5i 53.8 04 0.3 0.2
8 place 5 3 8 4 { - - 25,7 101.4 - 559 3.0 -54.2 68.6 0.7 438 0.4 0.2 0.1
9 release - - 4 7 - - - 124.0 - 55.8 2.9 -54.1 68.6 29 438 0.4 0.2 0.1
10 place 6 6 10 4 1 - - 522 109.3 - 55.0 24 -53.8 68.8 14 474 03 0.1 0.1
11 release 6 - - 4 7 - - - 161.6 - 53.9 1.6 -69.2 69.1 93 421 0.6 0.2 0.2
12 place 7 7 13 4 7 - - 68.6 129.4 - 54.6 2.0 -53.6 68.9 33 50.0 0.3 0.1 0.1
13 release 7 7 13 - - - - 2777} - - 1244 115 41203 1054 87 500 24 L5 0.8
14 place 8 7 13 8 15 - - 168.8 56.5 - 114.7 75 -1123 1115 26 480 14 0.7 0.5
15 release 8 7 13 - - - - 165.9 - - 121.9 104 1182 107.0 89 480 2.1 12 0.7
16 place 9 7 13 09 17 - - 178.3 36.1 - 1163 8.1 -1136 1104 48 500 L5 0.8 0.5
17 release 9 7 13 - - - - 206.3 - - 117.0 8.4 -1142 1100 -104 429 1.6 0.9 0.5
18 place 10 7 13 10 19 - - 184.1 64.8 - 1149 7.5 -112.5 1113 0.7 484 14 0.6 0.5
19 release 10 - - 10 19 - - - 110.8 - 2482 21.7 2448 722 650 323 9.2 53 3.0
20 place 11 11 20 10 19 - - -46.0 180.3 - 232.0 19.8 2287 852 481 353 8.1 43 2l
21 release 11 - - 10 19 - - - 154.4 - 240.6 20.7 2372 784 556 324 8.5 47 28
22 place 12 12 22 10 19 - - 60.5 2337 - 2024 15.6 41995 1088 254 459 5.5 2.6 2.0
23 release 12 - - 10 19 - - - 205.9 - 2249 18.6 2218 908 442 324 73 39 23
24 place 13 13 25 10 19 - - 58.9 230.5 - 204.1 15.9 2012 1074 224 475 5.6 2.5 2.0
25 release 13 3 25 - - - - 11112 - - 416.5 144 4162 0.8 -163.0 100 12.9 7.6 42
26 place 14 13 25 14 26 - - 3622 2032 - 346.4 16.8 3454 799  -1023 163 10.7 5.6 38
27 release 14 13 25 - - - - 112.9 - - 405.9 14.8 -405.5 128 -1442 116 129 71 4.1
28 place 15 13 25 15 29 - - 218.1 404 - 365.3 16.6 3646 404 -1068 196 115 5.9 4.0
29 release 15 3 25 - - - - 161.7 - - 386.4 155 3859 257 -1214 174 11.8 6.4 39
30 place 16 13 25 16 31 - - 239.0 214 - 354.6 16.6 3537 612 -89.9 286 10.9 5.2 4.0
31 release 16 - - 1 31 - - - 143.9 - 463.0 34 -463.0 0.8 1776 122 10.3 6.4 B}
32 place 17 17 33 16 31 - - -31.1 1714 - 4547 438 -454.7 144 -1621 154 10.5 6.0 B
33 release 17 - - 16 31 - - - 177.2 - 458.9 4.6 4589 296  -163.8 135 11.2 6.4 35
34 place 18 18 34 16 31 - - 484 202.7 - 440.5 74 4405 242 -1451 145 10.5 54 38
35 release 18 - - 16 31 - - - 214.8 - 451.8 53 4518 593 -1488 200 10.4 59 34
36 place 19 19 37 16 31 - - 48.0 208.9 - 4425 7.0 4425 412 -1385 172 10.5 5.2 38
37 release 19 9 37 - - - - 236.3 - - 4713 1.1 4713 0.8 -176.8  12.1 10.9 6.6 33
38 place 20 19 37 20 39 - - 256.1 68.0 - 462.7 212 -462.7 8BS -1638 115 10.1 5.6 85
39 release 20 19 37 - - - - 271.0 - - 469.6 3.0 469.6 336  -1662  13.1 132 74 4.1
40 place 21 19 37 21 4 - - 2773 35.6 - 464.9 24 4649 351 1563 15.6 102 5.5 36
41 release 21 9 37 - - - - 307.2 - - 466.7 1.0 4667 673 -1549 172 105 5.8 34
42 place 22 19 37 22 43 - - 279.3 64.9 - 463.5 2.3 4634 362 -150.0 179 10.1 5.2 317
43 release 27 - - 2 43 - - - 338.1 - 4726 2.0 -472.6 0.8 -182.8 104 11.3 6.8 34
44 place 23 230440 22l A3 = 26.0 349.5 - 4713 i3 -471.3 105 -1742 129 10.6 6.2 35
45 release 23 - - 22 4 - - - 3734 - 4717 347 4717 348  -1736 129 159 8.5 4.8
46 place 24 24 46 22 43 - - 52.1 358.3 - 469.5 1.4 -469.4 178 -166.5 137 10.6 5.7 37
47 release 24 - - 2 4 - - - 409.3 - 4703 0.9 4702 696  -1640 164 1.1 6.0 36
48 place 25 25 49 22 43 - - 69.4 375.5 - 469.5 0.5 4695 352 -1585 156 10.6 54 38
49 release 25 - - - - - - - 0.7 -471.9 0.8 2047 104 11.9 74 3.6

= same in cantilever and sequential
! % of total edges in the analysis model that are in tension
2 standard deviation of all nodal displacements
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Appendix B. Optimized three robot method analysis results

Table B.1
Analysis results for the three-robot sequence.
Slep Type Total robl rob2 rob3 Fropt Frop2  Fron Fsup M.vup Fuin - Fiax Favg Tlo Apax Aavg A(zr
Bricks b n b n b n N N N N N-m N N N [103]mm  [103]mm  [10]mm

1 place 1 L 1 = =5 = = 356 - - 18 0.1 0 17.6 4.4 50 0 0 0
2 place 2 T 12 2 - - 36.6 383 - 29 05 0 17.6 25 714 0.1 0 0
3 place 3 11 2 2 PR 35.8 374 36.4 17 0.1 02 17.6 17 40 0.1 0 0
4 release 3 - - 2 2 N 54.6 36.1 18.1 04 176 176 0 50 0.1 0 0
5 place 4 4 7 2 2 [N 355 54.1 36.7 18.1 04 176 176 13 538 0.1 0 0
6 release 4 4 7 - - B3 352 . 734 359 0.8 354 351 0.1 462 02 0.1 0.1
7 reposition 4 4 7 BEEEEEEE 355 54.1 36.7 18.1 04 176 176 13 538 0.1 0 0
8 release 4 4 7 NN - 52,9 73.7 = 17.9 04 [179 346 26 615 0.1 0 0
9 place 5 4 7 HEEEN 5 64.3 729 25.7 18 04 (178 346 13 563 0.1 0 0
10 release 5 - - N 5 3 = 1122 52.6 179 13 553 176 69 438 0.4 02 02
11 reposition 5 a6 ) o) I 65 712 26.4 18.1 05 27 17.6 26 50 0.1 0 0
12 release 5 NN - - 5 s 100.8 = 26.6 536 13 531 522 48 375 03 0.1 0.1
13 place 6 4 6 6 11 5 8 98.1 30.6 347 538 14 -53.1 522 4 368 03 0.1 0.1
14 release 6 4 6 6 11 - - 1289 354 - 53 15 543 524 83 368 05 02 0.1
15 reposition 6 4 6. 6 11 s 98.1 30.6 34.7 538 14 -53.1 522 4 368 03 0.1 0.1
16 release 6 - - 6 11 5 8 . 54.5 76.9 85.2 54 829 577 66 474 09 04 03
17 place 7 7 13 6 11 5 8 417 57 70.7 82.9 44 812 592 2 54.5 0.7 03 03
18 release 7 7 13 - - [NEEE 83.3 = 76.6 94.4 8 916 628 35 545 17 08 05
19 reposition 7 7 13 582 1104 319 53.1 1 528 524 19 455 05 02 0.1
20 release 7 7 13,4 6 - - 67.8 1313 — 53 07 547 524 26 455 04 02 0.1
21 place 8 7 134 6 8 15 76.8 1284 34.1 533 12 534 523 2 44 03 0.1 0.1
2 release 8 - -4 6 8 15 - 151 84.5 526 07 736 526 4.5 48 05 02 02
23 reposition 8 IEn 46 8 15 70.1 104.5 84.6 357 09 34 464 38 44 05 02 02
2 release 8 3 4 - - 8 15 155.5 o 98.7 348 09 777 596 4.5 48 11 04 04
25 place 9 3 4 9 17 8 15 1525 25.5 118 34.8 04 -75.8 61 36 50 1 03 03
26 release 9 3 4 9 17 - - 2127 79.6 N 35.1 46 -135 359 254 464 4.1 13 1.1
27 reposition 9 3. 4. 9 17 ems 75.6 70.9 1622 355 3.7 [1249 352 -192 357 33 08 08
28 release 9 - - 9 17 4 6 - 69.6 2041 519 4 -126.5 53 204 357 34 09 0.8
29 place 10 0 19 9 17 4 6 529 57.8 199 517 3 S1187 531 J137 484 27 0.8 07
30 release 10 0 19 - - 4 6 85.9 it 2249 517 23 1425 537 -199 387 27 12 1
31 reposition 10 10 19 eI 4 6 76.4 75.1 1602 522 32 828 528 -126 419 2.7 07 07
32 release 10 0 19 6 1 - - 93 1315 N 137.2 11 1348 648  -193 419 46 17 1.1
33 place 11 10 19,6 11 11 20 1293 1418 534 1266 8.6 [1247 648  -135 382 3.1 12 038
34 release 1 - - 6 11 11 2 N 176 747 1474 8.3 1454 295 371 265 37 17 1
35 reposition 11 S0 6 11 11 20 1169 1295 68 85.7 34 21093 553 205 382 26 09 07
36 release 11 5 8 - - 11 2 174.9 - 813 1434 157 [1404 288 428 324 1.1 38 2.7
37 place 12 5 8 12 23 11 20 184.8 525 80.9 127 9.6 [1249 386 317 351 5.1 2 15
38 release 12 E 2 23 - - 209.6 85.4 = 143.5 9.4 1649 264 502 216 5 25 16
39 reposition 12 5 8 12 23 20 184.8 525 80.9 127 9.6 [1249 386 317 351 5.1 2 15
40 release 12 - - 12 23 1l 20 N 46.4 79 3073 215 3052 287 921 243 1.5 6.1 4
41 place 13 13025 12 23 1l 20 628 1062 1263 262 182 2598 672 533 40 8.4 4 3.1
2 release 13 13 25 - - |1l 20 288 - 125.8 19.3 3234 166 -101 15 11.9 59 3.6
43 reposition 13 13 25 gemmin il 20 439 188 9.7 1423 63 21408 335 319 30 4 16 1.1
44 release 13 13 25 [NCEENIN - - 69.9 2294 = 1899 135 2008 314 792 125 8.9 4 2.7
45 place 14 13 25 6 1l 14 26 2679 2074 -1303 1566 93 [1545 508 427 256 54 21 15
46 release 14 - -6 1l 14 2 - 239.9 913 2039 148 2266 343 912 116 1.3 48 32
47 reposition 14 gAY 6 11 14 26 1704 1496 82 1183 48 1483 577 386 256 37 13 1
48 release 14 8 14 - - 14 26 209.8 = 811 2263 163 2241 182 694 186 8.7 4 21
49 place 15 8 14 15 29 14 26 2194 686 1468 1995 134 21975 639 481 217 52 25 15
50 release 15 8 14 15 29 - - 254.1 104.4 - 1987 125 11968 447 628 217 45 28 12
51 reposition 15 8 14| 15 29 ISHNZ8 2419 87.9 54 2074 137 2055 364 649 196 52 28 15
52 release 15 - - 15 29 |15 28 . 7 1157 4489 7.7 4488 08  -1711 87 11.2 65 38
53 place 16 16 31 15 29 15 28 52 11 1866 4183 109 4181 200 -1408 143 11.1 58 4
54 release 16 6 31 - - 15 28 52 = 1976 4183 109 4181 202 -1408 163 111 58 4
55 reposition 16 16 31 WISTI29m 15 28 52 11 1866 4183 109 4181 200 -1408 143 111 538 4
56 release 16 16 31 15 29 - - 93 94.9 N 440 7.8 4399 312 -1591 122 10.8 6.1 3.7
57 place 17 16 31 15 29 17 33 1137 1156 61.2 435 83 4349 201 -1469 154 10.7 57 38
58 release 17 - - 15 29 17 33 N 126.3 69 4386 7.9 4386 179 -1477 115 10.7 58 3.7
59 reposition 17 3 15 29 17 33 1137 1156 61.2 435 83 4349 200 -1469 154 10.7 59 38
60 release 17 6 31 - - 17 33 1714 = 311 4547 48 4547 144 -162.1 154 10.5 6 35
61 place 18 16 31 18 35 17 33 206.7 305 -36 4404 73 4403 195 -1451 164 105 54 38
62 release 18 16 31 18 35 - - 2009 312 = 4459 6.8 4459 348 -147.5 182 10.6 56 3.7
63 reposition 18 16 31 18 35 170032 215 228 851 4392 75 4392 158 -1445 145 10.5 53 38
64 release 18 - - 18 35 17 32 - 27.8 1944 4598 43 4598 120 -1617 145 104 59 35
65 place 19 19 37 18 35 17 32 314 203 2031 4519 5.1 4519 13 -1493 155 102 53 3.7
66 release 19 19 37 - - [N 40.7 = 2123 4519 5.1 4519 227 -1493 138 102 53 3.7
67 reposition 19 19 37 WISWm29m 17 32 459 1077 1139 433 8.5 4329 21 21322 138 10.7 5.1 39
68 release 19 19 37 15 29 - - 1396 1287 = 4316 8.6 4315 169 -1383 121 10.7 52 38
69 place 20 19 37 15 29 20 39 1398 1297 354 4328 8.5 4327 184 -1313 115 10.7 5 38
70 release 20 - - 15 29 2 39 - 1396 1629 4314 8.6 4313 182 -1338 98 10.7 51 37
7 reposition 20 73 15 29 20 39 89.9 1323 83.1 4295 92 4294 241 -1233 164 10.9 49 4
7 release 20 17 33 - - 20 39 129.1 N 1559 4579 4 4579 313 -1552 115 102 55 35
73 place 21 17 33 21 4 20 39 136.5 433 1782 456.5 4 4565 393 -1467 141 104 52 3.7
74 release 21 7 33 21 4 - - 2013 1147 — 456.5 42 4565 205  -1414 156 12.8 63 39
75 reposition 21 1733 21 41 ismm2 124.4 723 144 42811 9.4 428 61.8  -112 188 111 48 3.9
76 release 21 - - 21 4 15 29 = 1541 1944 4284 10 4282 407 21 172 12.1 6.7 34
77 place 2 2 43 21 41 |15 29 1264 1072 1497 427 9 4269 202 128 104 10.7 5 35
78 release 2 2 43 - - |15 29 227 i 1482 4268 9.1 4266 109 -1328 104 10.9 52 34
79 reposition 2 22 43 ISINBSN 15 29 153.4 96.2 1296 4308 8.8 4307 311 -1255 9 11 51 3.6
80 release 2 2 43 [NIEEEEEE - - 1882 1615 - 460.6 29 4606 225 -1542 104 114 57 37
81 place 23 2 43 [ 18 35 | 23 44 2156 1745 573 4597 33 4597 334 -1457 129 13 53 38
82 release 23 - - |NEEEN 23 44 = 243 1418 4578 62 4578 270 -1377 157 17 8.2 5
83 reposition 23 @RI 18 35 23 44 1644 1545 1089 409 121 4087 622 941 243 121 49 37
84 release 23 14 27 - - 23 44 2135 - 2253 4016 156 4012 52 -1088 229 19.6 9.7 47
85 place 24 14 27 24 471 23 44 1655 1139 1967 4042 124 4039 369  -1186 137 114 53 33
86 release 24 14 27 24 41 - - 246 2572 - 3856 162 -385.1 33 -1032 205 27.9 129 74
87 reposition 2% 1427 24 47 TEN33 1518 1505 1756 4168 124 4166 877 96 233 12 6 34
88 release 24 - - 24 41 11 33 - 170 2541 4524 75 4524 638  -1256 219 219 102 58
89 place 25 25 49 24 47 17 33 1918 1155 1991 4557 43 4557 824 -1363 143 134 58 4.1
90 release 25 25 49 - - 17 33 270.1 - 2004 4554 43 4554 30 140 169 135 59 3.9

—— = optimized support location
1 % of total edges in the analysis model that are in tension
2 standard deviation of all nodal displacements
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